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Abstract
Diffraction of elastic waves is considered for a system consisting of two parallel
arrays of thin (subwavelength) cylinders that are arranged periodically. The embed-
ding media supports waves with all polarizations, one longitudinal and two transverse,
having different dispersion relations. An interaction with scatterers mixes longitudinal
and one of the transverse modes. It is shown that the system supports bound states
in the continuum (BSC) that have no specific polarization, that is, there are standing
waves localized in the scattering structure whose wave numbers lies in the first open
diffraction channels for both longitudinal and transverse modes. BSCs are shown to
exists only for specific distances between the arrays and for specific values of the wave
vector component along the array. An analytic solution is obtained for BSCs contain-
ing coupled elastic waves with different dispersion relations. For distances between the
parallel arrays much larger than the wavelength, the existence of BSCs is explained by
a destructive interference similar to the interference in a Fabri-Perot interferometer.
1 Introduction
Bound States in the Continuum (BSC) have been studied in the context of many physical
system from photonics to quantum mechanics, since the seminal paper by von Neumann
and Wigner [1, 2]. Examples of BSC have been explored in just about every field of wave
physics: quantum mechanics, electromagnetism, and acoustics. Systems supporting BSC can
be viewed as resonators with infinitely high quality factors. Due to these unusual physical
properties BSC are intensively studied both theoretically and experimentally, especially in
photonics [3] and recently even in plasma-photonic systems [4]. In particular, acoustic BSC
have been observed in “Wake Shedding’ experiment” [5] as well as in acoustic wave guides
with obstructions [6]. A relation between elastic BSC and photonic resonances in opto-
mechanical crystal slabs [7] as well as surface acoustic waves on anisotropic crystals and non-
periodic layered structures [8]-[9] has been investigated using a group-theoretical approach.
Elastic systems offer a rich playground, both theoretically and experimentally, to investigate
BSC especially in view of mechanical metamaterials [10]–[13] with unusual stiffness, rigidity
and compressibility.
Many of the photonic applications such as filters and sensor can be translated into the
context of elastics with little efforts due to similarities of the two theories. However there
are drastic differences among the two such as the presence of longitudinally polarized wave
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modes in elastics as well as the boundary conditions at the interface. The latter, for example,
induces a coupling between transverse and longitudinal modes even for scattering structures
in which two transverse modes are decoupled due to translational symmetry, in contrast
to the electromagnetic case. This implies that a system with an elastic BSC that has no
specific polarization should be a resonator with infinite quality factor for at least two po-
larization modes. Given that these modes typically have different propagation speeds in an
elastic media (different dispersion relations), the existence of such BSC looks rather unlikely
in contrast to quantum mechanics or electromagnetism. It is noteworthy that electromag-
netic BSCs with no specific polarization was found in numerical studies [14]-[17] where both
transverse modes propagates with the same speed.
There is no universal mechanism for formation of BSC [3]. In some instances, the ex-
istence of BSCs can be explained by a destructive interference of diffracted waves in the
asymptotic region [18]. If a system of subwavelength scatterers that are arranged in a plane
happens to be a resonator for incident plane waves, then two such systems separated by a
distance form a Fabry-Perot interferometer with resonating interfaces. For a large enough
distance, the interfaces are interacting only through diffracted (propagating) modes, while
an interaction via evanescent modes is suppressed due to an exponential decay of the lat-
ter. Given quality factors of each resonating interface, it is then not difficult to compute
the quality factor of the combined structure using the standard Fabry-Perot summation of
transmitted and reflected waves. It appears that the quality factor depends on the distance
between the arrays and the wave speed in the media between the interfaces. There exist
distances at which the quality factor becomes infinite, thus indicating the existence of BSC.
At these distances, the diffracted wave from each interface have destructive interference in
the asymptotic region. In other words, each of the resonating Fabry-Perot interfaces acts as
a mirror for a standing wave that becomes confined between the interfaces despite that its
wave numbers lies in open diffraction channels [19].
In this paper, BSC for elastic waves are investigated in a system of two periodic arrays
of cylindrical defects separated by a distance. Due to the translational symmetry, sheer
waves polarized along the cylinders are decoupled from the other two polarization modes
(one sheer and one longitudinal). The other two modes are coupled and have different
dispersion relations. Using the Lippmann-Schwinger formalism for elastic scattering on a
single periodic array of defects, it is not difficult to show that both modes have a scattering
resonance. A confinement of an elastic wave between two interfaces that couple the transverse
and longitudinal modes requires that both modes interfere destructively in the asymptotic
region. It is not surprising that by adjusting the distance one can confine a particular
polarization mode if it is not coupled to any other mode (e.g., the longitudinal one). It is
remarkable that by adjusting geometrical and spectral parameters of the standing wave, it
is possible to prevent leaking one mode to the other via coupling and confine them both
despite that they have different dispersion relations, which comprises the main result of the
paper. An analytic solution for such elastic BSC is obtained. To our knowledge, this is the
first analytic solution for BSC containing coupled waves with different dispersion relations.
The analysis presented here is based on the Fabry-Perot summation method appropriately
2
extended to the case with multiple propagating modes coupled at each interface. The result
also follows from a general solution of the scattering problem in the limit of a large distance
between the arrays. The general solution is mathematically involved and will be presented
elsewhere.
2 BSCs in elastic wave scattering
Let uω(r) and u
0
ω(r) be the amplitudes of scattered and incident waves of frequency ω at
position r. In general, uω is a three-component vector field as there are three polarization
states. The scattered wave satisfies the Lippmann-Schwinger equation
(1−Kω)uω(r) = u0ω(r) , (2.1)
where Kω is an integral operator whose kernel is determined by a Green’s function of the
elastic wave (Helmholtz) operator with appropriate (Sommerfeld) scattering boundary con-
ditions in the asymptotic region. The equation is similar to the electromagnetic case studied
in [19] with one difference that here uω is not a scalar but a vector with three components
and Kω mixes them all for a generic scattering structure. A scattering resonance is identified
as a simple pole of the resolvent (1−Kω)−1 in the complex plane of frequency ω because the
action of the resolvent on the incident wave u0 defines the scattered wave uω. The imaginary
part Γ of the pole ω2 = ω20 − iΓ determines the width of the scattering resonance. The real
part is the resonant frequency ω0 (it lies in the frequency range of scattering or asymptotic
waves). The scattering structure can be viewed as a resonator with a quality factor being
the reciprocal of the width Γ. A bound state is a solution to the homogeneous equation (2.1)
(with u0 ≡ 0) for a real ω2 > 0 that is square integrable (or it has a finite energy). The
operator Kω is an analytic functions of ω
2. Any bound state is a solution to a generalized
eigenvalue problem for the operator Kω, and ω
2 for which such a solution exists is an eigen-
value. A BSC is a bound state for which ω2 lies in the spectral range of scattering states
u0. So, a BSC can also be viewed as a resonance with the vanishing width Γ, and a system
supporting a BSC is a resonator with infinite quality factor (as the reciprocal of Γ).
3 A Fabry-Perot interferometer with two propagating coupled modes
Suppose the scatterers are localized in a plane. Then the scattering wave consists of a
reflected and transmitted wave. If a0 is an amplitude of an incident plane wave, then the
amplitude of a reflected wave is R(ω)a0 where R(ω) is the reflection matrix. Suppose that
the scattering structure supports a resonance (e.g., defects periodically arranged in a plane).
Near a pole the amplitude of the reflected wave is determined by a reflection matrix
R(ω) ∼ R˜
ω2 − ω20 + iΓ
+K0 , (3.2)
where R˜ is the residue matrix, owing to the matrix structure of Kω, and K0 is an analytical
part of R(ω) evaluated at the pole and (it describes the so called background scattering),
the transmission matrix T (ω) has a similar form near a resonance.
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Next, consider a Fabry-Perot resonator made of two such scattering interfaces. If the
distance between the interfaces is large enough so that evanescent fields near each interface
do not reach the other interface, then the reflection matrix of this structure is:
RFP (ω) = R(ω) + T (ω)D(ω, d)R(ω)D(ω, d)
×(I − (R(ω)D(ω, d))2)−1T (ω)
TFP (ω) = T (ω)D(ω, d)(I − (R(ω)D(ω, d))2)−1T (ω)
where I is the unit diagonal matrix, D(ω, d) is the matrix that defined an amplitude of the
wave after propagation through a distance d, and here d is the distance between the interfaces.
It is a diagonal matrix with elements being phase factors corresponding to different group
velocities of the modes. A resonance position of the composite system (a pole of RFP ) is
defined by the condition
det[I − (R(ω)D(ω, d))2] = 0
To simplify the discussion further, it is assumed the scattering interface is composed of small
identical (subwavelength) scatters separated by distances that much larger than the size of
scatterers. Then an analytic part of the single interface reflection matrix will scale with
the volume of the scatter so that the background scattering K0 can be neglected in (3.2) as
compared to the resonant part. In this case, the equation is simplified to
det[(ω2 − ω20 + iΓ)2I − (R˜D(ω0, d))2] = 0 (3.3)
Since Kω is also proportional the volume of the scatter, the width Γ also scales with the
volume [19]. So, the scattering is resonance-dominated. It is then sufficient to calculate R˜
and solve (3.3) by perturbation theory where a small parameter is the size of the scatters in
units of the wavelength. The roots of (3.3) correspond to the resonances of the composite
structure. A BSC is identified as a resonance with the vanishing width, that is, the real part
of the pole lies in an open scattering channel, whereas the imaginary part vanishes at some
values of the physical parameters of the system [18].
4 BSC in a double array of cylindrical defects
The existence of BSC depends on the structure of the residue matrix R˜. Its calculation re-
quires solving the Lippmann-Schwinger equation. This can be done analytically for a periodic
array of thin, long, cylindrical defects where the longitudinal and transverse polarizations
in the plane perpendicular to the cylinders are coupled at the surface of the cylinders. As
noted, by the translational symmetry, the sheer mode polarized parallel to the cylinders is
decoupled. Therefore the matrix in the determinant (3.3) becomes block-diagonal. Complex
roots of the 1×1 block corresponding to the decoupled sheer mode determine two resonances
of this mode. The equation is identical to the electromagnetic case studied in [18]. Here the
analog of the relative permittivity is the relative mass density of the defects and the sur-
rounding media, BSC do exist and have been well studied for this polarization configuration
in this structure [18, 19].
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The 2 × 2 block in R˜ describes two coupled polarization modes (the longitudinal and
another sheer modes) in the plane perpendicular to the cylindrical defects. To simplify the
discussion further, a special case is considered in which the defects have different density
compared to the background material but the lame coefficient remains the same. Materials
with such properties can be found in [20]. The case of generic materials is technically
complicated and will be studied elsewhere. In what follows a unit system is chosen so that
the period of the array is unit. Let the defects lie parallel to the z-axis and the array be
periodic along the y-axis. The transverse and longitudinal modes have different diffraction
threshold since they have different group velocities. Furthermore, the simplest case with
two open diffraction channels, one transverse and one longitudinal, is considered so that the
frequency range is limited to
c2l k
2
y < ω
2 < c2t (ky − 2pi)2 ≡ ω21 , (4.1)
0 < ky < min{pi, 2piα
1 + α
}
where cl, ct are the group velocity of the longitudinal and transverse modes respectively, ky
is the y component of the wave vector, and the materials are assumed isotropic and, in this
case, α = ct/cl < 1/
√
2 [22]. Every linearly independent wave state in this system is uniquely
described by a pair of spectral parameters (ω2, ky). The theory is symmetric under ky → −ky
so that ky > 0 without loss of generality. The special case ky = 0 will be discussed later.
The relative density, ξρ =
ρd−ρb
ρb
, is required to be positive, where ρd,b is the mass density of
defects and background media, respectively. Since the density in elastics plays the same roles
as the permittivity in electromagnetism, the positivity of ξρ is required for the existence of
BSC. A negative relative density corresponds to a repulsive potential in quantum mechanics
or conductors in electromagnetism (in either case, BSC cannot form).
The scattering wave for a single array of defects was found by solving the Lippmann-
Schwinger equation by the method of multiple scattering (see, e.g., [23, 24]) under the
assumption that the field within the defect is homogeneous, which is justified when the
radius of the cylindrical defects is much smaller than the incident wavelength. In the leading
order of this approximation, it was found that the scattering amplitude has a pole ω20 − iΓ,
where
ω20 = ω
2
1(1− β) , β =
1
4
2ξ2ρ(ky − 2pi)2 ,
Γ = ξρβω
2
1(pl,x + k
2
yp
−1
t,x)
pl,x =
√
α2(ky − 2pi)2 − k2y and pt,x =
√
(ky − 2pi)2 − k2y are the x components of the wave
vector for the longitudinal and transverse modes, respectively,  is the cross sectional area
of the defects. The real part ω20 lies in the first open longitudinal diffraction channel, just
below the second transverse diffraction channel (cf. Eq. (4.1)). By calculating the residue
at the pole, the matrix R˜ was obtained and Eq. (3.3) was solved to find the new poles ω2±:
ω2± − ω20 + iΓ = ±
√
Tr(R˜D(ω0, d))2
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= ±iΓ pl,xe
ipl,xd + k2yp
−1
t,xe
ipt,xd
pl,x + k2yp
−1
t,x
(4.2)
The imaginary parts of ω2± vanishes only if the phase factors in the numerator in the right
side of (4.2) become unit, eipl,xd = eipt,xd = ±1, that is, both modes satisfy the quantization
conditions:
pl,xd = piM < pt,xd = piN
where M and N are both either even or odd integers. It should be noted that the system
has a parity symmetry in the x direction. The even/odd integers in the phase factors above
corresponds to even/odd parity BSC just as in the scalar case. In contrast to electromagnetic
case [18], the quantization conditions cannot be satisfied by adjusting the distance d between
the arrays because the modes have different dispersions (note a parameter α in pl,x). Both
conditions can only be fulfilled for a generic parameter α if the spectral parameter ky is such
that
0 <
pl,x
pt,x
=
n
m
< 1
for some integers n and m. It follows from (4.2) that under the stated conditions one of the
resonances turns into a BSC at frequency of the resonance position for the single array
ω2BSC = ω
2
0(1− β)
while the other resonance has a double width 2Γ and the same position ω2BSC , just like in
the electromagnetic case.
For normal incident ky = 0, the scattering matrix is proved to become diagonal, that is,
the longitudinal and transverse wave are decoupled in the first diffraction channel (which
can be understood from the parity symmetry in x direction). The transmission coefficient
for the transverse mode becomes Tt(ω) = 1−O(). So it clear that a transverse BSC cannot
exist in this spectral range. However the scattering of the longitudinal mode has a resonance,
and the longitudinal reflection coefficient is shown to have the Breit-Wigner form near this
resonance, hence, a BSC exists. This is a single mode BSC that has already been discussed
in many contexts. For higher diffraction channels the longitudinal and transverse modes are
coupled even for ky = 0. However, the analysis of BSC becomes mathematically involved
even in the single mode case [19] and will not be given here.
A BSC is not coupled to radiation modes and, hence, cannot be excited by incident waves.
It is a solution to the homogeneous equation (2.1) (with u0ω ≡ 0) that satisfies the Sommerfeld
conditions at infinity |x| → ∞. Since no propagating (diffraction) mode is possible under
the stated conditions for the existence of a BSC, the solution decays exponentially
uBSC(x, y) ∼ e−
|ξρ||ky−2pi||x|
2 eikyy (4.3)
as |x| → ∞, and, hence, has a finite energy per each period of the array. The energy
density of a BSC is shown in the middle panel of the figure in unit of
ρbc
2
t |u1(0,0)|2
2
where
u1(x, y) is the x−component of the displacement field. The left panel shows u1(x, y) in
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Figure 1: Left panel: The double array of periodically positioned cylindrical defects, the x−axis
is horizontal, the y−axis is vertical; Middle panel: The energy density of a BSC in a vicinity of the
right arrays. The vertical grid is defined in the text and the horizontal one is the distance in units
of the period; Right panel: The x−component of the displacement field of a BSC. The grid legend
is identical to the former.
units of u1(0, 0)), it is worth noting that the y−component of the displacement vector,
u2(x, y) ∼ O(), so its contribution to the energy flux is of higher order in  and can be
neglected. The parts of the array shown in the middle and right panels corresponds to a
region indicated by a rectangle in the left panel where a pictorial representation of the array
is shown. As one can see, the energy and the field is concentrated near each array. The
displayed BSC has an even parity so that u1(x, y) is odd in x. The material, geometrical,
and spectral parameters are given by (ξρ, α) = (.280, .59915), (, d) = (.001, 29880), and
(kBSC , ky) = (4.549134, 1.73405) respectively, where ctkBSC = ωBSC . It is worth noting
that
√
k2BSC − (ky − 2pi)2d >> 1, with this choice so that the discussed Fabry-Perot limit
is satisfied. The material parameters correspond to bulk silicon. According to [20]-[21], the
relative density between different samples can be tuned to at least an order of magnitude
larger then the relative lame coefficients (to justify the simplifying assumption about the
lame coefficients).
5 Conclusions
It was shown that elastic meta-interfaces can be used to obtain BSC. Elastic BSC are shown
to contain coupled sheer and longitudinal modes that have different dispersion relations. In
contrast to previously reported BSC, the elastic BSC with coupled modes cannot have any
wave vectors along the confining structure. It satisfies a quantization condition. An analytic
solution is obtained for such BSC for the first time. Such BSC can be used as elastic wave
guides or as resonators with high quality factors in a broad spectral range, especially in view
of that elastic systems supporting BSC can be designed using mechanical metamaterials (as
materials with desired elastic properties). In particular, owing to a high sensitivity of the
quality factor to geometrical and physical properties of a resonating system, elastic BSC can
be used to detect impurities in solids from variations of the density. The energy density of
a high quality resonance (near-BSC state) has a “hot” spots where it exceeds the energy
density of the incident wave by orders in magnitudes, which would facilitates studies of
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non-linear effects in solids.
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